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Ž .We give two constructions for each fundamental representation of sp 2n, . We
also present quantum versions of these constructions. These are explicit in the
sense of the GelfandTsetlin constructions of the irreducible representations of
Ž . Ž .gl n, : we explicitly specify the matrix elements for certain generators of sp 2n,
with respect to each of the two explicit bases presented. In fact, our constructions
appear to have been the first such infinite family of explicit constructions of
irreducible representations of simple Lie algebras since the GelfandTsetlin con-
structions were obtained in 1950. Our approach is combinatorial; the key idea is to
find a suitable family of partially ordered sets on which to present the action of the
Lie algebra, and then to use these posets to produce the bases and the actions of
Ž .the generators. Our constructions of the fundamental representations of sp 2n,
take place on two families of posets which we call ‘‘symplectic lattices.’’ Previously
Ž .1999, J. Combin. Theory Ser. A 88, 217234 , we used these representation
constructions to confirm a conjecture of Reiner and Stanton concerning one of
these families of lattices.  2000 Academic Press
1. INTRODUCTION
Ž .The main result of this paper Theorem 5.1 provides two explicit
constructions of the fundamental representations of the symplectic Lie
Ž .algebra sp 2n, . Each construction is explicit in the sense that it immedi-
ately specifies the matrix entries for the representing matrices of the Lie
Ž .algebra generators with respect to a certain explicit basis . The distinctive
feature of our approach to this problem is our use of partially ordered sets
to describe the actions of the generators of the Lie algebra on a specified
1 Some of the results in this paper are contained in the author’s doctoral thesis written
under the supervision of Robert A. Proctor.
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basis. This particular idea has its origins in Proctor’s work on representa-
Ž .  tions of sl 2, on posets Pr1 .
We illustrate this idea with a simple example. We will say how to
associate a certain partially ordered set to a weight basis for the k th
Ž .fundamental representation of sl N, . We can choose X  E andi i, i1
Ž . ŽY  E as generators for sl N, , where 1 iN 1. Here, E isi i1, i i, j
Ž .the NN matrix with a 1 in the i, j position and zeros elsewhere; then
. Ž . kE  e  e . The k th fundamental representation of sl N, is just V,i, j j i
the k th exterior power of the defining representation V N 
 4span e , . . . , e . The set of ‘‘wedge products’’ of the e ’s is a weight basis1 N i
k Ž .for  V. Let L k, N k be the set of k-tuples of integers T
Ž .T , . . . , T , where 1 T    T N, and denote by  the basis1 k 1 k T
 vector e 	 	 e . Then our weight basis  is indexed by theT T T1 k
Ž .elements T in L k, N k . We can use the actions of the X ’s and Y ’s toi i
Ž .make L k, N k into an ‘‘edge-colored’’ directed graph, as follows. First,
one can easily check that Y    0 if and only if i is not in T , or i andi T
i 1 are both in T. If i is in T but i 1 is not, then let S be the k-tuple
obtained from T by switching entry i to i 1. Then Y    . A similari T S
istatement holds for the X ’s. We write S T if S and T only differ in ai
isingle coordinate j, and S  i 1 with T  i. Then, S T if and only ifj j
X    and Y    . In fact, this induces a partial order on thei s T i T S
Ž .elements of L k, N k , where we can write S T if and only if there is
a sequence of elements S S Ž0., S Ž1., . . . , S Ž r . T and ‘‘colors’’ i , i , . . . , i1 2 r
so that
i i i1 2 rŽ0. Ž1. Ž r .S S S  S  T ,
Ž .if and only if S 
 T for all 1 j k. With this partial order, L k, N kj j
Ž  .actually becomes a distributie lattice see St2 . This family of lattices has
many other combinatorial manifestations; for a lively account of its history,
 see Pr3 .
Using techniques from algebraic geometry, in 1979 Stanley showed that
Žthese lattices have certain special combinatorial properties namely, they
.  are rank symmetric, rank unimodal, strongly Sperner posets St1 . Proctor
Ž .later simplified Stanley’s proof partly by noting that L k, N k could be
Ž .  used to explicitly realize the fundamental representations of sl N, Pr2 .
Proctor conjectured that there should be analogous lattices for the sym-
Ž .  plectic Lie algebra sp 2n, . In Don2 , we presented two candidates,
which we call ‘‘symplectic lattices.’’ In this paper we will reverse the
Ž .procedure outlined above for the fundamental representations of sl N, :
we will start with the symplectic lattices and work our way back to produce
Ž .bases and actions for the fundamental representations of sp 2n, . These
 symplectic constructions were the main result of the author’s thesis Don1 .
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We believe that at the time they were the first completely explicit con-
Ž .structions of a non-routine family of irreducible representations of
semisimple Lie algebras found since the GelfandTsetlin construction for
Ž .   Žgl n, was given in 1950 GT1 . Here, ‘‘non-routine’’ means aside from
adjoint representations, and exterior and symmetric powers which remain
.irreducible.
The GelfandTsetlin construction of the irreducible representations of
Ž .gl n, on weight bases is explicit in the following sense. The representing
spaces in their construction are spanned by weight basis vectors indexed by
Žthe so-called ‘‘Gelfand patterns.’’ These combinatorial objects can be
  .easily converted into semistandard Young tableaux; see Pr4 . They then
Ž .choose a set of generators for gl n, and describe the action of each
generator on each basis vector as a linear combination of other vectors in
this basis. In particular, their procedure explicitly and immediately speci-
fies two things: the Gelfand patterns which appear in this linear combina-
tion, as well as their coefficients. These coefficients are expressed in terms
 of the entries of the Gelfand patterns. See Nazarov and Tarasov NT for
another derivation of this construction. It is not known how to convert the
 orthogonal constructions of GT2 to weight bases. The constructions of
   Berele Ber in the symplectic case and of King and Welsh KW in the
orthogonal cases are not explicit in the above sense. To carry out these
constructions, the action of a generator must be followed by a recursive
Ž .procedure to eventually express or ‘‘straighten’’ the terms of the resulting
linear combination in terms of the specified basis vectors.
The objects which we found to be useful in explicitly constructing the
Ž .fundamental representations of sp 2n, are the symplectic columns of
De Concini and of Kashiwara and Nakashima. The coefficients for the
actions are positive, rational numbers and are given in terms of the entries
of these one-column tableaux. While these representation constructions
constitute the main result of this paper, the combinatorial structures
underlying these constructions may be of independent interest. The family
of symplectic lattices we constructed using the labels of Kashiwara and
Nakashima was constructed independently by Reiner and Stanton using
  Žcertain partitions of Andrews RS . They showed that ‘‘Andrews k, 2n
.k ’’ is rank symmetric and rank unimodal. Linear algebra consequences of
one of our representation constructions imply that these Andrews lattices
have the ‘‘strong Sperner property,’’ confirming a conjecture of Reiner and
Ž  .Stanton see Don2 .
In fact, there are two GelfandTsetlin bases for each irreducible repre-
Ž . Ž .sentation of gl n, . The first respectively, second of these bases is
Ž . Ž .seminormal with respect to the chain of subalgebras gl 1,  gl 2, 
Ž . Ž . Ž .  gl n 1,  gl n, , where gl n 1, is the subalgebra of
Ž . Ž .gl n, consisting of matrices whose last respectively, first row and
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column entries are all zeros. This anticipates the existence of the two bases
Ž .we have found for the fundamental representations of sp 2n, . Our
Ž .‘‘KN’’ basis is seminormal with respect to the chain of subalgebras sl 2,
Ž . Ž . Ž . sl 3,    sl n,  sp 2n, , while our ‘‘De Concini’’ basis is
Ž . Ž .seminormal with respect to the chain of subalgebras sp 2,  sp 4, 
Ž . Ž . Ž  sp 2n 2,  sp 2n, . These containments are best thought of
Ž . .in terms of the Dynkin diagram for sp 2n, .
While we were converting our thesis results to paper form, we learned
that Molev has recently explicitly constructed all the irreducible represen-
Ž .  tations of sp 2n, Mol1 . Molev’s approach is based on the theory of
ŽMickelsson algebras and the representation theory of Yangians. See
 Mol1 and references therein for more on the history of this explicitness
.problem. Molev has used a similar approach to construct the irreducible
 representations of the orthogonal Lie algebras Mol2, Mol3 . Although our
approach is quite different from Molev’s, there is a connection between
the two constructions: we have been able to show that Molev’s basis for
the fundamental representations is the same as our ‘‘De Concini’’ basis, up
to scaling factors. We have a simple combinatorial proof of this claim that
is closely related to the following fact: both bases are seminormal with
Ž . Ž . Žrespect to the chain of subalgebras sp 2,  sp 4,    sp 2n
. Ž .2,  sp 2n, , and for the fundamental representations, such a weight
Ž .basis is unique up to scaling factors .
The paper is organized as follows. After giving the necessary definitions
in Section 2, we will describe in Section 3 how to associate a certain
Ž .partially ordered set called a ‘‘representation diagram’’ to each weight
basis for a given representation. We also present some key lemmas which
will facilitate our construction of the fundamental representations of
Ž .sp 2n, . The coefficients for the actions of the generators on an explicit
basis are presented in Section 4 in the language of representation dia-
Ž .grams. The proof of our main result Theorem 5.1 in Section 5 essentially
confirms that these coefficients work. In Section 6 we quantize both
constructions in order to obtain explicit representations of the associated
Ž .quantized universal enveloping algebra for sp 2n, . In Section 7 we
briefly describe how to obtain the coefficients for the actions of the
generators, and we discuss the uniqueness of these constructions.
2. DEFINITIONS AND NOTATION
 Our notation closely follows Hum; St2, Chap. 3 . Let L be the complex
semisimple Lie algebra associated to a root system  of rank n. That is, L
Ž .  4nhas 3n Chealley generators x , y , h that satisfy the Serre relations.i i i i1
 4We let  , . . . ,  be the associated fundamental weights, and   0 is1 n 0
CONSTRUCTIONS OF LIE ALGEBRA REPRESENTATIONS 41
Ž .the zero weight. Representations  : L gl V will be complex and
finite-dimensional. We use the lower case x , y , and h when we arei i i
thinking of the generators as elements of L , and the upper case X , Y ,i i
Ž .and H when we are thinking of the images of the generators in gl V fori
some representation V of L .
When L is simple of rank n, it will be convenient to identify L with its
 4 Ž .root system X , where X A, B, C, D, E, F, G . We will let L  denoten
Ž .the isomorphism class of the irreducible representation of L with
Ž Ž .highest weight . So, for example, for us C  refers to the irreduciblen k
.representation of the Lie algebra C with highest weight  . We will alson k
refer to the classical Lie algebras by their usual names by identifying An
Ž . Ž .with sl n 1, , C with sp 2n, , etc. Our numbering of the nodes of an
 Dynkin diagram also follows Hum .
Ž .Let P be a poset partially ordered set and let s and t be elements of
ŽP. We write s t if s is covered by t in P i.e., s r t in P implies that
. Ž .s r or r t . The Hasse diagram or order diagram of a poset P is the
directed graph whose nodes are the elements of P and whose directed
edges are given by the covering relations in P. We will not usually bother
to distinguish a poset from its Hasse diagram. When we depict the Hasse
diagram for a poset, arrows on the edges will not be drawn; the direction
of these edges is taken to be ‘‘up.’’ We will only be using finite posets and
directed graphs, and we will allow directed graphs to have at most one
edge between any two vertices. A path P from s to t in a directed graph P
Ž .is a sequence P s s , s  s  t such that either s  s or0 1 p j1 j
Ž .s  s for 1 j p. A directed graph or poset P is connected if anyj j1
two elements in P can be joined by a path.
Symplectic Lattices
  Ž .The notation here follows Don2 . For 1 kN, define L k, N k
Ž .to be the set of all k-tuples T T , . . . , T such that 1 T    T1 k 1 k
N. Order these k-tuples by reerse componentwise comparison, so that
Ž . ŽS T in L k, N k if and only if S 
 T for each i. Then, the largesti i
Ž . Ž . .element in L k, N k is the k-tuple 1, . . . , k . The circle diagram
Ž . Ž .t t T associated to the k-tuple T is the N-tuple t t , . . . , t , where1 N
t  1 if i T and t  0 if i T , 1 iN. We can picture the circlei i
diagram t as follows. Construct a 1N grid and label the squares from 1
to N, left to right. Place circles in the squares corresponding to elements
Ž .of T. Also, we will view the k-tuples in L k, N k as columns. So the
2
Ž . Ž . 43-tuple T 2, 4, 5 in L 3, 5 has corresponding column , and the
5
Ž .associated circle diagram t 0, 1, 0, 1, 1, 0, 0, 0 can be pictured as
1 2 3 4 5 6 7 8 .
  
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Ž . Ž .Let S and T be columns in L k, N k , and let s s , . . . , s and1 N
Ž .t t , . . . , t be the associated circle diagrams. Let  be the N-tuple1 N j
with a 1 in the jth position and zeros elsewhere. Then S T if and only if
Ý p s Ý p t for all p such that 1 pN. One can see that S T ifi1 i i1 i
Ž .and only if for some i 1 iN 1 , the column T can be obtained
from S by simply changing an i1 entry in S to an i , if and only if
s     t for this same i. In this case, we attach the ‘‘color’’ to thei i1
Ž .edge s t in the Hasse diagram for L k, N k . From here on, we will
Ž .generally prefer to think of elements of L k, N k as circle diagrams.
Now let N be even, with N 2n, and let 1 k n. We will view a
Ž .circle diagram t in L k, 2n k on a 2 n grid with the ith square on the
Ž .top row counting from the left labelled i and the ith square on the
bottom row labelled 2n 1 i. For example, the circle diagram t pic-
 tured above is now viewed as . The ith slot of t is the pair
Ž . Ž . Ž .t , t . We say the ith slot is full respectively empty if t , ti 2 n1i i 2 n1i
Ž . Ž Ž .. 1, 1 resp. 0, 0 . The ith wall of a 2 n circle diagram is the
Ž .boundary between its ith and i 1 st slots. The nth wall is the right
Ž .boundary of the 2 n grid. We re-color the edges of L k, 2n k as
ifollows. When 1 i n, we write s t if t is obtained from s by moving a
circle on the bottom row of s left to right across the ith wall or by moving
a circle on the top row of s right to left across the ith wall. Now let i n.
nWe write s t if t is obtained from s by moving a circle from the
Ž .n 1 st square to the nth square.
Ž . ŽDEFINITION 2.1. A circle diagram t L k, 2n k or the associated
Ž .. Ž .column T t is KN-admissible respectively, DeC-admissible  there are
Ž .no more than p circles in the first resp. last p slots there are no more
Ž .full slots than empty slots among the first resp. last p slots, where
Ž .1 p n. The KN-symplectic lattice resp. DeC-symplectic lattice is the
KN Ž . Ž DeCŽ .. Žset L k, 2n k resp. L k, 2n k of KN-admissible resp. DeC-C C
. Ž .admissible elements in L k, 2n k , with the induced partial order. One
KN Ž .can see that if s and t are in L k, 2n k , then s t in the HasseC
KN Ž . Ž .diagram for L k, 2n k if and only if s t in L k, 2n k , andC
DeCŽ . KN Ž . DeCŽsimilarly for L k, 2n k . An edge in L k, 2n k or L k, 2nC C C
. Ž .k inherits its edge color from the corresponding edge in the re-colored
Ž .lattice L k, 2n k .
 As an example, the circle diagram t is KN-admissible in
Ž . KN Ž .L 3, 5 , but is DeC-inadmissible. In fact, each of the posets L k, 2n kC
DeCŽ . Ž  .  and L k, 2n k is a distributie lattice cf. Don2 . In Don2 we giveC
several other combinatorial descriptions of each of these lattices. The
KN-admissible columns were developed by Kashiwara and Nakashima in
 KN to describe crystal graphs associated to the fundamental representa-
Ž .tions of sp 2n, . The DeC-admissible columns are used as labels to index
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Ž . Ž weight bases for the fundamental representations of sp 2n, DeC ; see
 .also She .
3. REPRESENTATION DIAGRAMS
In this section we define the combinatorial setting for our representa-
tion constructions. The key idea is to view the vectors of a weight basis for
a representation of a semisimple Lie algebra as nodes for a certain
Ž .directed graph actually, the Hasse diagram for a partially ordered set .
Then one can view the action of the Lie algebra as an ‘‘action’’ on this
partially ordered set. In Definition 3.1 and Lemma 3.2 we call such a
Žpartially ordered set a ‘‘representation diagram.’’ With this definition and
lemma in hand, the statement of our main result, Theorem 5.1, can be
.understood. Our strategy for constructing the fundamental representa-
Ž . Žtions of sp 2n is to begin with certain well-chosen posets the symplectic
.lattices of Definition 2.1 and then work backwards to produce the bases
and the actions. This strategy is effected by Lemma 3.3.
Ž .DEFINITION 3.1 representation diagrams . Let  be a root system of
rank n, and let L be the associated complex semisimple Lie algebra. Let
 4 Ž . be any weight basis not necessarily ordered for a representationt t P
Ž  V of L of dimension d. Here, P is an index set of order P  d
Ž . .dim V . Now think of the elements of P as vertices. We will make P into
a directed graph by using the actions of X and Y on the basis vectorsi i
 4 to place edges between vertices. Place an edge of ‘‘color’’ i from st t P
to t if either X   Ý c  with c  0, or if Y   Ý c i s u P u, s u t, s i t r P r, t r
Ž .with c  0, or both. Attach the two coefficients c the ‘‘x-coefficient’’s, t t, s
Ž .and c the ‘‘y-coefficient’’ to this edge. Recall that if a vector  hass, t
weight  in a representation V, then X    V and Y    V .i 	 i 	i i
Thus any two vertices in our directed graph can have at most one edge
between them, and in addition, the directed graph will have no loops. We
call this directed graph with colored edges and with coefficients attached
to each edge a representation diagram for the representation V of L . This
Ž .diagram which we normally denote by P encodes all the information for
the actions of the generators X and Y on V with respect to the basisi i
 4 , and we say that P realizes the representation V. For t P, we sett t P
Ž . Ž . Ž .wt t  wt  . The supporting graph or just the support of a representa-t
Ž  4 . Žtion diagram P or of an associated weight basis  is the edge-col-t t P
.  ored directed graph S P obtained from P by ignoring the coefficients on
the edges.
See Lemma 3.4 for examples. One antecedent for this notion of a
 representation diagram can be found in Pr1, Pr2, Pr5 , where Proctor was
Ž . Žmainly interested in sl 2, actions. As an example, he was able to
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confirm a conjecture by Stanley about the combinatorics of the distributive
Ž .  lattices L , n Pr5 by using the fact that these lattices can be viewed as
Ž .representation diagrams for the irreducible representations of gl n, due
  .to the construction of Gelfand and Tsetlin GT1 .
If P is a representation diagram, define a partial order on P by the rule
i i i1 2 k
s t if s t or there is a path s s  s    s  t from s to t in0 1 k
P. To see that this defines a partial order, use the fact that in the latter
Ž . Ž . Ž .case, wt t  wt s is a nonzero sum of simple roots. It also follows that
is t in the directed graph P if and only if s is covered by t in the partial
order on P. So P is the Hasse diagram for a poset.
The next two lemmas suggest how to check whether a given partially
ordered set can be used as a representation diagram. Let P be the Hasse
diagram for a partially ordered set. ‘‘Color’’ the edges of P by assigning to
 4each edge a number from the set 1, . . . , n . We call P an edge-colored
 4poset. Next, to each pair s, t of nodes of the edge-colored poset P attach
two coefficients, c and c , so that s t if and only if at least one ofs, t t, s
these coefficients is nonzero. Then we say P is an edge-labelled poset. The
following lemma is an immediate consequence of Definition 3.1.
LEMMA 3.2. Let , 
, and L be as aboe. Let P be an edge-labelled
 4  poset with edges colored by the set 1, . . . , n . Let V P be the complex ector
space freely generated by ectors  corresponding to the nodes t P. Lett
1 i n, and define the action of operators X and Y by the rulesi i
i iX   Ý c  and Y   Ý c  , where an empty sum isi s t: s t t, s t i t s: s t s, t s
 zero. In addition, suppose that for each i, H  X Y  X Y  Y X acts byi i i i i i i
 4nscalar multiplication on  , for each t P. If the operators X , Y , Ht i i i i1
 satisfy the Serre relations for L , then V P becomes an L-module ia the
 4map x  X , y  Y , and h H , the basis  is a weight basis fori i i i i i t t P
 V P , and P is a representation diagram for L .
Since the Serre relations can be checked by restricting attention to just
two nodes of the Dynkin diagram at a time, we introduce the notion of an
 4  4 Ž  4.i, j -component. If S i, j or if S is any subset of 1, . . . , n , then the
S-component containing t is the connected subgraph of P consisting of all
s that can be reached from t along a path whose edges are colored only
with colors from the set S , together with the colored edges and edge
coefficients of all such ‘‘ S-paths’’ that connect them. An S-component is a
certain kind of edge-labelled graph, but we will also use the term to refer
to the underlying edge-colored graph. The rank of an S-component is the
order of S . The next proposition follows by simply putting definitions
together.
LEMMA 3.3. Let L be a semisimple Lie algebra of rank n associated to a
 4root system  with simple roots 
 	 , . . . , 	 . Let P be an edge-labelled1 n
 4poset with edges colored by the set 1, . . . , n . Then P realizes a representation
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 4of L if and only if for all 1 i j n, each i, j -component of P realizes a
representation of the semisimple Lie algebra A , C , G , or A  A , respec-2 2 2 1 1
tiely, depending on whether the subgraph of the Dynkin diagram for 
	 	 	 	 	 	i j i j i j
     induced by the pair of nodes 	 and 	 is ,  ,  , ori j
	 	i j
  .
Not only does this proposition prescribe a procedure for confirming that
a certain choice of edge coefficients gives a representation diagram of L ,
it also suggests a strategy for producing the coefficients: suppose one is
 4given a poset with edges colored by the set 1, . . . , n . Look at the
 4i, j -components of the poset and see what constraints on the possible
choices of edge coefficients are forced by the requirement that each
 4i, j -component be a representation diagram for the appropriate rank two
Lie algebra. The next lemma will help in applying Lemma 3.3 in the proof
of Theorem 5.1.
LEMMA 3.4. The edge-labelled posets of Fig. B.1 are representation dia-
grams for A , and the edge-labelled posets of Fig. B.2 are representation2
diagrams for C .2
The edge coefficients of the edge-labelled posets of Appendix B are
assumed to be one unless specified otherwise. We will prove Lemma 3.4
Ž . Ž .below. To compute the weight wt t Ým t  of an element t in one ofi i
Ž .  these representation diagrams, use the fact that m t  H    X Y i t i t i i
 . For example, the maximal element of the representation diagram int
Ž .Fig. B.1 V has weight    . Also, recall that if a representation of L1 2
has highest weight , then it has an irreducible component of highest
weight . These observations, together with Lemma 3.4, are enough to
prove the following:
COROLLARY 3.5. The representation diagrams of Appendix B realize the
representations identified in the chart below.
Diagram Representation Description
Ž . Ž .I A  the trivial representation2 0
Ž . Ž . Ž .II A  the defining representation V of sl 3, ;2 1
2Ž .note that A   V V *2 2
2Ž . Ž .III A 2 the second symmetric power S V of the defining2 1
representation
Ž . Ž . Ž . Ž . Ž .IV A 2  A  isomorphic to the tensor product A   A  ,2 1 2 2 2 1 2 1
2 2that is, S V V V V.
Ž . Ž . Ž .V A    the adjoint representation of sl 3,2 1 2
Ž . Ž . Ž . Ž . Ž .VI A     A  isomorphic to A   A   V V *2 1 2 2 0 2 1 2 2
Ž . Ž .I C  the trivial representation2 0
Ž . Ž . Ž .II C  the defining representation W of sp 4,2 1
Ž . Ž . Ž .III C  the second fundamental representation of sp 4,2 2
2Ž . Ž . Ž .IV C   C  the second exterior power W of the defining2 2 2 0
representation
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Proof of Lemma 3.4. Since the generators X , Y , X , and Y all act1 1 2 2
Ž . Ž .trivially on the one-element posets I and I of Figs. B.1 and B.2,
respectively, we see that these diagrams realize the trivial representations
Ž . Ž . Ž . Ž .A  and C  , respectively. For II and II , note that the represent-2 0 2 0
ing matrices described by the edge-labelled posets are the usual represent-
Ž .ing matrices for the generators for the defining representations of sl 3,
Ž .and sp 4, , respectively.
Ž .Now let P be the representation diagram II for A , and consider the2
    Ž . Ž .representation V P  V P  A   A  . The edge-labelled poset2 1 2 1
Ž .pictured below which we denote P P is a representation diagram for
    ŽV P  V P . Use the basis of simple tensors to obtain this picture. Edge
.coefficients are equal to one. In this picture, we attach basis vectors
 , . . . ,  to each of the nine vertices of P P. According to the picture,1 9
for example, X     . We will produce three new representation2 1 2 3
diagrams from this one by changing the bases of the weight spaces.
It is easy to see that the change of basis    ,     ,   1 1 2 2 3 3 2
 ,     ,    ,     ,     ,     ,3 4 4 6 5 5 6 4 6 7 7 8 8 7 8
   gives the following representation diagram:9 9
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Ž .In particular, this shows that III realizes a representation of A . Next,2
Ž .we obtain both diagrams in IV by the following changes of basis:
The edge-labelled poset which we denote by P P* pictured below
    Ž . Ž .realizes the representation V P  V P * A   A  . All coeffi-2 1 2 2
cients are equal to one here.
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Ž .The following change of basis proves that V is a representation
diagram for A :2
Ž .By different changes of bases, we can get both diagrams of VI :
Ž .Let W be the defining representation of sp 4, , with representation
Ž .diagram II . Label the vertices of this representation diagram as in the
following picture. It is not hard to see that  2W has the following
CONSTRUCTIONS OF LIE ALGEBRA REPRESENTATIONS 49
 4 Žrepresentation diagram in the basis  	 ,  	 , . . . ,  	 . All1 2 1 3 3 4
edge coefficients are equal to one here. Recall that by the Leibniz rule,
Ž . Ž . Ž . .X   	  X   	  	 X   , for example.1 1 3 1 1 3 1 1 3
By the following changes of basis in  2W, we see that the diagram
Ž . Ž .III , as well as both diagrams of IV , realizes representations of C :2
This completes the proof of Lemma 3.4.
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4. EDGE COLORS AND COEFFICIENTS FOR
SYMPLECTIC LATTICES
We have two families of posets which are each candidates for represen-
Ž .tation diagrams for the representations C  , where 1 k n: then k
KN Ž . DeCŽ .symplectic lattices L k, 2n k and L k, 2n k of Definition 2.1.C C
In the first half of this section we propose a set of edge coefficients. In the
 4second half of this section, we describe the i, i 1 -components of
Ž . Ž .L k, 2n k and of the symplectic lattices Lemmas 4.1, 4.2, and 4.3 . In
the next section we will confirm that our choices of coefficients work.
iWe will attach two coefficients to each edge s t, denoted c and c :t, s s, t
t

c  ict , s s , t

s
We will assign coefficients to an edge according to the i-component that
contains that edge. When s and t are joined by an edge of color i, we will
often only draw the slots of s and t which are adjacent to the ith wall when
we depict the edge.
It is not hard to see that for a given color i, 1 i n, the only possible
KN Ž . DeCŽ .i-components which can arise in L k, 2n k and L k, 2n k areC C
Ž .those shown in Fig. 4.1. Let 1 i n. An i-component of type 1 occurs
     4 Ž . Ž .when s , , , . Type 2 i-components occur when s, t
     
             Ž . Ž . Ž . Ž .4 , , , , , , , . An i-component of
             
 KN  Ž . Ž .type 3 occurs in L k, 2n k when is KN-inadmissible, r ,
 C  
  DeC  Žu , and t . An i-component of this type occurs in L k, 2n
  C 
      .k when is DeC-inadmissible, r , u , and t .
      
    Ž .Type 4 i-components occur when r , s , t , and u
    
 Ž . Ž .. Of course s and t can be interchanged. Now let i n. Type 1

 4 Ž .n-components occur for t , . Type 2 n-components occur when

FIG. 4.1. Types of possible i-components in symplectic lattices.
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 Ž . Ž . Ž . Ž .s, t  , . There are no n-components of type 3 or 4 in these
 
lattices.
Ž .For i-components of type 2 , we set c  c  1, where 1 i n.t, s s, t
Ž .Now let 1 i n. For i-components of type 3 , we set c  c  1 andt, u t, r
Ž .c  c  2. Lastly, we consider i-components of type 4 . Let r ,
r, t u, t 
   KN   Ž .s , t , and u , as above. For L k, 2n k , notice
   C  
Ž .that i 1. For this lattice, let m really m be the number of empty slotsi
minus the number of full slots in the first i 1 slots of r, s, t, or u. By
Ž .Definition 2.1, we have m 0 otherwise, s will be KN-inadmissible .
mWhen m is odd, set c  c  c  c  1, c  c  , andr, s u, s r, t u, t s, r s, u m 1
m 2c  c  . When m is even, set c  c  c  c  1, c t,r t, u s, r s, u t, r t, u r, sm 1
m m 2 Ž .c  , and c  c  . In an i-component of type 4 inu, s r, t u, tm 1 m  1
DeCŽ .L k, 2n k , notice that i n 1. For this lattice, let m be theC
number of empty slots minus the number of full slots in slots i 2
through n of r, s, t, or u. Definition 2.1 implies that m 0. When m is
modd, set c  c  c  c  1, c  c  , and c  cr, s u, s r, t u, t t, r t, u s, r s, um 1
m 2 . When m is even, set c  c  c  c  1, c  cs, r s, u t, r t, u r, t u, tm 1
m m 2 , and c  c  .r, s u, sm 1 m  1
 4We close this section with a description of the i, i 1 -components for
KN Ž . DeCŽ .the symplectic lattices L k, 2n k and L k, 2n k . These de-C C
scriptions will be referred to in the proof of Theorem 5.1. The edge-col-
ored graphs of these components are pictured in Appendix A.
 4Let 1 i n. We begin by listing all possible i, i 1 -components of
Ž .  4L k, 2n k . We can identify these i, i 1 -components by looking at
the slots adjacent to walls i and i 1 of a 2 n grid and then considering
all possible arrangements of circles in these slots. For i 1 n, there are
three such slots, or six squares, and hence 64 26 possible ways to fill
these squares with circles. For i 1 n, there are only two relevant slots,
and hence 16 24 ways to fill them with circles. Given such a circle
diagram t, consider all possible circle diagrams that can be obtained from t
Ž . Žby moving circles across the ith and i 1 st walls when i 1 n,
.  4circles can move within the nth slot . For i 1 n, an i, i 1 -
component will be one of the seven possible types shown in Fig. A.1. Each
Ž . Ž . Ž . Ž .of the types 1 , 2 , and 3 may arise in more than one way in L k, 2n k .
   In particular, each of the circle diagrams , , and can
      
   4 Ž . label an i, i 1 -component of type 1 as well. The triples , ,
      
               4  4 4, , , , and , , can also label
                    
     4 Ž .  4 i, i 1 -components of type 2 . The triples , , , ,
     
             4  4  4, , and , , can also label i, i 1 -
           
Ž . Ž . Ž .components of type 3 . Types 4 through 7 can occur only as shown. For
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 4 Ž . Ž . Ž .i 1 n, we get the n 1, n -components 1 , 2 , and 3 of Fig. A.2.
  4The circle diagram also determines an n 1, n -component of type
        Ž .  4  41 , while the quadruple , , , determines an n 1, n -
        
Ž .component of type 2 . To summarize:
ŽLEMMA 4.1. The components of Figs. A.1 and A.2 together with the
Ž . Ž . Ž . Ž . Ž .additional occurrences for components of types 1 , 2 , 3 , 1 , and 2
.  4noted in the preceding paragraph are all of the possible i, i 1 -components
Ž .in L k, 2n k .
 4 KN Ž . DeCŽ .The i, i 1 -components of L k, 2n k and L k, 2n k areC C
Ž .obtained by removing all the inadmissible elements if any from the
 4 Ž .i, i 1 -components of L k, 2n k . First, let i 1 n. If one of the
 4 Ž . Ž . Ž .elements of an i, i 1 -component of type 1 , 2 , or 3 in Fig. A.1 is
Ž .KN-inadmissible resp. DeC-inadmissible , then all of the elements of that
Ž .component will be KN-inadmissible resp. DeC-inadmissible , and there
will be nothing to display. However, if any of the circle diagrams in ,
 
   4  4 Ž ., for the i, i 1 -component 4 in Fig. A.1 are KN-inadmis-
    
sible, then all three are KN-inadmissible. Removing these gives the i, i
4 Ž . Ž .1 -component 8 in Fig. A.3. Note that the circle diagrams of 8 are either
all KN-admissible or KN-inadmissible. Similarly, if any of the circle dia-
        4  4 Ž .grams , , for the i, i 1 -component 5 are KN-inad-
    
 4missible, then all three are. Removing these leaves the i, i 1 -component
Ž . Ž . Ž .9 in Fig. A.3. Similar reasoning gives the components 10 and 11 of Fig.
  4 Ž . Ž .A.3: the i, i 1 -component 10 is obtained from 6 if is KN-inad-
 
Ž . Ž .missible, while the component 11 is obtained from 7 if is

 4 DeCŽ .KN-inadmissible. The analogous i, i 1 -components in L k, 2n kC
Ž . Ž . Ž . Ž . Ž .for i 1 n given in 12 , 13 , 14 , and 15 of Fig. A.4 are obtained by
 4similar arguments. This completes the description of the possible i, i 1 -
KN Ž . DeCŽ .components in L k, 2n k and L k, 2n k when i 1 n.C C
Now let i 1 n. Notice that any of the circle diagrams forming an
 4 Ž .n 1, n -component of type 2 in Fig. A.2 are either all KN-inadmissi-
    ble or are all KN-admissible. Likewise, the circle diagrams , , ,
  
  4 Ž ., in 3 are either all KN-inadmissible or all KN-admissible.
   
Notice that can only be KN-inadmissible when k n, in which case

 4 Ž . KN Ž .we get the n 1, n -component 4 for L n, n in Fig. A.5. ThisC
 4 KN Ž .completes the description of the n 1, n -components in L k, 2n k .C
Ž .The component of type 2 in Fig. A.2 cannot occur for the circle
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      DeC    4 Ž .diagrams , , , in L k, 2n k , since these are all
      C   
DeC-inadmissible. Since is DeC-inadmissible, we cannot have an

DeC  4 Ž . Ž .n 1, n -component of type 3 in L k, 2n k . If we remove
C 
 4 Ž . DeCŽfrom this component, we get the n 1, n -component 5 for L k, 2nC
.  4 k in Fig. A.6. This completes the description of the n 1, n -
DeCŽ .components in L k, 2n k . These observations, together with LemmaC
4.1, give us:
ŽLEMMA 4.2. The components of Figs. A.1, A.2, A.3, and A.5 together
Ž . Ž . Ž . Ž .with the additional occurrences for components of types 1 , 2 , 3 , 1 , and
Ž . .  42 noted aboe gie all possible i, i 1 -components for the KN symplec-
tic lattices.
Ž Ž ..LEMMA 4.3. The components of Figs. A.1, A.2, without 3 , A.4, and
Ž Ž . Ž .A.6 together with the additional occurrences for components of types 1 , 2 ,
Ž . Ž . .  43 , and 1 noted aboe gie all possible i, i 1 -components for
DeCŽ .L k, 2n k .C
5. SYMPLECTIC LATTICES AS
REPRESENTATION DIAGRAMS
Using the lemmas of Sections 3 and 4, we will prove the following
theorem.
THEOREM 5.1. Let 1 k n. With edge colors and coefficients as de-
KN Ž . DeCŽ .fined in Section 4, the symplectic lattices L k, 2n k and L k, 2n kC C
are each representation diagrams which realize the k th fundamental represen-
Ž .tation of sp 2n, .
Proof. The theorem contains two statements. The first is that the
KN Ž . DeCŽ .edge-labelled posets L k, 2n k and L k, 2n k are each repre-C C
Ž .sentation diagrams for sp 2n, . The second is that as representations of
Ž .  KN Ž .  DeCŽ .sp 2n, , V L k, 2n k and V L k, 2n k are isomorphic toC C
Ž .C  . The first statement implies the second: first, check that then k
Žmaximal elements of these symplectic lattices have weight  . See com-k
. Ž .ments preceding Corollary 3.5. Next, it is well known that C  hasn k
2n 2 n 2 nŽ . . Ž . Ž .  dimension  for k
 2, with dim C   . In Don2 , wen 1k k 2 1
KN Ž . DeCŽ .show that this is also the order of L k, 2n k and L k, 2n k . SoC C
 KN Ž .  DeCŽ .V L k, 2n k and V L k, 2n k are both representations ofC C
Ž . Ž .sp 2n, with highest weight  and the same dimension as C  .k n k
 KN Ž .  DeCŽ . Ž .Hence, V L k, 2n k  V L k, 2n k  C  .C C n k
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Now we will apply Lemma 3.3 to confirm that the symplectic lattices are
Ž . KN Žindeed representation diagrams for sp 2n, . Let P be either L k, 2nC
. DeCŽ . k or L k, 2n k .C
First we will check the Serre relations for pairs of ‘‘distant’’ nodes 	 i
Ž .and 	 of the Dynkin diagram for C , i.e., those for which 	 , 	  0.j n i j
 4For such a pair of nodes 	 and 	 , pick an i, j -component of P and leti j
 4t P be any element of this component. We will see that this i, j -com-
ponent has a particularly simple description as an edge-labelled poset.
Suppose u is any other vertex such that t and u have an i-edge between
them. Since the jth wall of t is ‘‘distant’’ from its ith wall, we see that u is
contained in a j-component of the same type as the j-component contain-
ing t. Moreover, t and u occupy identical positions in their respective
j-components, and corresponding edges have identical coefficients. A simi-
lar statement holds regarding the i-components containing s and t when-
ever s is any vertex connected to t by a j-edge. Thus, as an edge-labelled
 4poset, this i, j -component is isomorphic to the product of the i-compo-
nent containing t and the j-component containing t. It is now easy to see
         4that X X  Y Y  X Y  X Y  0 in this i, j -component, so iti j i j i j j i
realizes a representation of A  A . Since this is true for any such1 1
 4i, j -component, we have satisfied the requirement of Lemma 3.3 for
distant nodes 	 and 	 of the Dynkin diagram.i j
We must now check that for adjacent nodes 	 and 	 of the Dynkini i1
 4 KN Ž .diagram, the corresponding i, i 1 -components of L k, 2n k andC
DeCŽ . Ž .L k, 2n k as edge-labelled posets realize representations of theC
appropriate rank two Lie algebra. To do this we need a description of all
 4these i, i 1 -components. This was accomplished in Lemmas 4.2 and 4.3.
Now attach the appropriate coefficients from Section 4 to the compo-
nents listed in Lemmas 4.2 and 4.3. We can reduce the resulting list of
Žedge-labelled posets to those given in Figs. B.1 and B.2 as follows. The
edge coefficients for the edge-labelled posets of Figs. B.1 and B.2 are
.assumed to be one unless specified otherwise. Let i 1 n. For the
 4 Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .i, i 1 -components of types 1 , 2 , 4 , 6 , 8 , 10 , 12 , and 15
shown in Appendix A, we replace the edge color i with the color 1, and the
 4color i 1 with the color 2. For the remaining i, i 1 -components
Ž Ž . Ž . Ž . Ž . Ž . Ž . Ž ..namely, 3 , 5 , 7 , 9 , 11 , 13 , 14 , replace the edge color i 1 with
the color 1, and the color i with the color 2. Then all the edge-labelled
Ž . Ž .posets of type 1 reduce to the edge-labelled poset I of Fig. B.1. All
Ž . Ž .edge-labelled posets of types 2 and 3 reduce to the edge-labelled poset
Ž . Ž . Ž . Ž . Ž .II . The edge-labelled posets 8 , 9 , 12 , and 13 reduce to the edge-
Ž . Ž .labelled poset III . When m is odd respectively even , the edge-labelled
Ž . Ž . Ž .posets 4 and 5 reduce to the first resp. second edge-labelled poset of
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Ž . Ž . Ž .Fig. B.1 IV . The edge-labelled posets of Fig. B.1 VI arise from 6 and
Ž . Ž . Ž . Ž .7 in a similar fashion. The edge-labelled poset V arises from 10 , 11 ,
Ž . Ž .14 , and 15 .
Now let i n 1. We replace the edge color n 1 with the color 1
Ž . Ž . Ž . Ž .and the edge color n with the color 2 in the components 1 , 2 , 3 , 4 ,
Ž . Ž . Ž Ž ..and 5 . Edge-labelled posets of type 1 resp. 2 reduce to the
Ž . Ž Ž .. Žedge-labelled poset I resp. II of Fig. B.2. When m is odd respec-
. Ž . Ž .tively even , the edge-labelled poset 3 reduces to the first resp. second
Ž . Ž . Ž .edge-labelled poset of Fig. B.2 IV . The edge-labelled posets 4 and 5
Ž .reduce to the edge-labelled poset III .
We must show that each of the edge-labelled posets of Fig. B.1 realizes
a representation of A , and that each edge-labelled poset of Fig. B.22
Žrealizes a representation of C . Here we think of C as having Dynkin2 2
	 	1 2
  .diagram  . But this is exactly what we showed in Lemma 3.4.
6. QUANTUM VERSIONS OF SYMPLECTIC LATTICES
 The setup here mostly follows Jan . Let L be a semisimple Lie algebra
 4 Ž .with root system  and simple roots 
 	 , . . . , 	 , and let ,  denote1 n
the inner product on the Euclidean space spanned by these roots. Our
convention is that in any irreducible component of  short roots havei
squared length two. Let q be an indeterminate over , and for 1 i n
Ž	 i, 	 i.2   Ž a a. Ž 1 .set q  q . For a , set a  q  q  q  q . Thei i i i i i
Ž . Ž .quantized enveloping algebra U L is the  q -algebra with generatorsq
 14n Ž  .E , F , K , K satisfying ‘‘quantum Serre relations’’ see Jan, p. 52 .i i i i i1
Ž .The notion of a representation diagram generalizes to U L as well, withq
Ž . Ž .E respectively F playing the role of X respectively Y .i i i i
It is easy to write down q-analogs of the coefficients given in Section 4
KN Ž . DeCŽ .that will make the symplectic lattices L k, 2n k and L k, 2n kC C
Ž .into representation diagrams for U C . If there is an integer coefficientq n
 a on an edge of color i, replace it with a . If a coefficient on an edge ofi
m m 1Ž .color i has the form respectively for a positive integer m, thenm 1 m
    Ž     .replace it with m  m 1 resp. m 1  m .i i i i
THEOREM 6.1. With edge colors as in Section 4 and edge coefficients as
KN Ž . DeCŽ .aboe, the symplectic lattices L k, 2n k and L k, 2n k are eachC C
Ž .representation diagrams for U C . Each realizes the irreducible representa-q n
Ž .Ž .tion U C  .q n k
Outline of proof. As in Lemma 3.3, it suffices to check the quantum
 4 KN Ž . DeCŽSerre relations on the i, j -components of L k, 2n k and L k, 2nC C
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. k . As in the proof of Theorem 5.1, we can quickly reduce this task to
checking the quantum Serre relations for each of the components of
ŽAppendix B where edge coefficients there are replaced by the q-analogs
.mentioned above . We have carried this out ‘‘by hand’’ in each case.
7. PRODUCING COEFFICIENTS:
UNIQUENESS QUESTIONS
The challenge in constructing representations on the symplectic lattices
is to produce the coefficients. We will briefly describe the reductions that
allowed us to obtain the coefficients of Section 4. In an i-component of
Ž .type 2 in Fig. 4.1 one can see that the product of the coefficients on the
edge must be equal to one. Similarly, the product of coefficients on each
edge of an i-component of type 3 in Fig. 4.1 must be two. With these
Žrestrictions in mind, we chose integral coefficients for these edges see
.Section 4 . However, as figures in the proof of Lemma 3.4 indicate, there is
apparently more freedom in choosing edge coefficients for an i-component
Ž . Ž .of type 4 we will also refer to an i-component of this type as a diamond .
Our approach for determining the remaining coefficients of Section 4 was
Ž . Ž . Ž . Ž .first to look at the components 10 , 11 , 14 , and 15 of Figs. A.3 and
A.4. These components contain diamonds and are located at the
‘‘boundary’’ of their respective lattices. We noticed that in the component
Ž .11 , for instance, the products of the coefficients on the edges not
Ž .contained in the i 1 -diamond are automatically either one or two.
   These constraints, together with the relations X Y  0 X Y ,i i1 i1 i
uniquely determine the product of the coefficients on each edge of the
Ž . Ž . Ž . Ž .i 1 -diamond. A similar statement holds for 10 , 14 , and 15 . Next,
 4 Ž . Ž . Ž .we noticed that overlapping j, j 1 -components of types 4 , 5 , 6 , and
Ž .7 will ‘‘propagate’’ these constraints from the boundary and into the
lattice along a sequence of ‘‘adjacent’’ diamonds. It is a testament to the
remarkable beauty of these lattices that this propagation of coefficients
was relatively easy to follow, and that it never produced a conflict on any
edge. Moreover, this analysis shows that any other choice of edge coeffi-
KN Ž . DeCŽ .cients making the lattices L k, 2n k and L k, 2n k into represen-C C
Ž .tation diagrams for sp 2n, must hae the same product on each edge as the
coefficients of Section 4. We have been able to use a similar approach to
give two explicit constructions of the fundamental representations of
Ž .so 2n 1, . These constructions take place on two families of distribu-
tive lattices as well.
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How unique are these ‘‘KN’’ and ‘‘De Concini’’ bases for the fundamen-
Ž .tal representations of sp 2n, ? We discuss one aspect of their unique-
Ž   . Žness here. For a more complete discussion see Don3 . The KN respec-
.tively De Concini basis is unique in the following sense: any other weight
KN Ž . Ž DeCŽ ..basis with L k, 2n k respectively L k, 2n k as its supportingC C
Ž . Žgraph see Definition 3.1 must be a scalar relative to the KN respectively
.De Concini basis. In general, although each representation of a semisim-
ple Lie algebra L has an infinite number of representation diagrams
Ž .essentially one for each weight basis , it has only a finite number of
supporting graphs. Let V be a representation of L , and let S be a
Žsupporting graph for V. We say that S or any weight basis associated to
. Ž .S is solitary if there is only one weight basis for V up to scaling factors
with S as its supporting graph. There is no reason to expect that solitary
bases should exist. However, we have been able to prove that the two GT
Ž .bases for the irreducible representations of sl n, , the KN and De
Ž .Concini bases for the fundamental representations of sp 2n, , and the
bases for our analogous constructions of the fundamental representations
Ž .of so 2n 1, are all solitary. This statement can be rephrased as an
existence and uniqueness result: for example, we can now say that there is
Ž . KN Ž .a basis for C  with supporting graph L k, 2n k , and there is onlyn k C
Ž .one such basis up to scaling factors . We have confirmed that Molev’s
Ž  . Ž .basis see Mol1 for the kth fundamental representation of sp 2n, is
the same as the ‘‘De Concini’’ basis of this paper by simply showing that
DeCŽ .Molev’s basis has L k, 2n k as its supporting diagram. SinceC
DeCŽ .L k, 2n k is solitary, it follows that these bases can only differ byC
scaling factors.
These results could be thought of as partial answers to the following
more general questions: Is Molev’s basis for an arbitrary irreducible
Ž .representation of sp 2n, solitary? Does every irreducible representation
have a solitary support?
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APPENDIX A: RANK TWO COMPONENTS OF
SYMPLECTIC LATTICES
 4 Ž .FIG. A.1. i, i 1 -components in L k, 2n k for i 1 n.
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 4 Ž .FIG. A.2. n 1, n -components in L k, 2n k .
 4 KNŽ .FIG. A.3. Additional i, i 1 -components in L k, 2n k for i 1 n.C
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 4 DeC Ž .FIG. A.4. Additional i, i 1 -components in L k, 2n k for i 1 n.C
 4FIG. A.5. An n 1, n -component.
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 4FIG. A.6. An n 1, n -component.
APPENDIX B: SOME REPRESENTATION DIAGRAMS
FOR A AND C2 2
 4FIG. B.1. i, i 1 -components as edge-labelled posets for i 1 n.
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FIG. B.1. Continued
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 4FIG. B.2. n 1, n -components as edge-labelled posets.
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